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Abstract

Resolutions are a topic of interest in modern algebra and are used to study modules. Reso-
lutions are useful since they often encode information about a module, including different
invariants such as the projective dimension, regularity, and Hilbert series of a given mod-
ule. Another object of interest in commutative algebra is the Rees algebra, which captures
information about an ideal [ and its higher powers. In this thesis, we relate the two top-
ics by looking at the minimal graded free resolution of the Rees algebra of an ideal I and
taking degree-d strands of this resolution to give a graded free resolution of I¢. We give
a bound on the regularity of I¢ through this process. We also provide a detailed example
going through the process of trimming the graded free resolution to obtain the value of the
regularity from the degree-d strand.
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Introduction

Linear algebra, the study of vector spaces and linear transformations, is of interest due to its
applicability to different fields of study. The concepts in linear algebra can be generalized to
the theory of modules. For example, finite dimensional vector spaces generalize to finitely
generated modules. However, studying the generators of a given module does not provide
the full picture of the structure of the module as there are often relations between these
generators. Furthermore, there may be relations between the relations, and so on.

To efficiently study the structure of a finitely generated module from its generators,
David Hilbert introduced the idea of syzygies and associated free resolutions to finitely
generated modules. Naively, a free resolution is a sequence of modules and maps con-
structed from the following process: Take a set of generators {m;} for a finitely generated
graded module M and map a graded free module F — M by sending basis elements of Fj
to the generators {m;}. Let M’ be the kernel of this map, i.e., it is the submodule contain-
ing the relations between the generators of M. By Hilbert’s Basis Theorem, M’ will also
be finitely generated and so take a set of generators {m} of M’ and take a free module F
and map its basis elements onto the generators of M’ C Fj and repeat this process.

If we pick out the minimal number of generators necessary at each step in the process
of constructing a free resolution, we obtain a minimal free resolution of the module. These
generators of the kernels of the maps above in the minimal free resolution of M are called
the syzygies of M.

The minimal free resolution of a module introduces different invariants of the module,
namely the graded Betti numbers and the Castelnuovo-Mumford regularity, both of which
are topics of research in modern mathematics.

In 1997, Swanson [Swa97] provided a linear upper bound for the regularity of powers
d of homogenous ideals I C A = klxy,...,z,] in terms of d. Then in 1999, Cutkosky,
Herzog, and Trung in [CHT99] and Kodiyalam in [Kod0O] extended Swanson’s work by
proving that the regularity of a homogenous ideal [ is eventually equal a linear function of
d. The graded Betti numbers for a module (/3;;) are another invariant that is related to the
Castelnuovo-Mumford regularity and so a complete classification of the graded Betti num-
bers would be an interesting, albeit hopelessly difficult, problem to attempt. In 2008, Boij
and Soderberg published a paper [BSO08], titled Graded Betti numbers of Cohen-Macaulay
modules and the multiplicity conjecture, where they had the idea of classifying the graded
Betti numbers up to a rational scalar. That is, instead of attempting to classify the (/;;)
directly, they proposed to classify ¢ - (;;) for some ¢t € Q. This idea can be pictured ge-
ometrically as a cone in a vector space over the rationals, where the extremal rays of the
cone correspond with the pure resolutions of the module. The linear combinations of these
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pure resolutions are called the Boij-Soderberg decompositions of the module.

In 2014, Whieldon proved that for homogeneous ideals / generated by forms of the
same degree 7, that there was a stabilization in the Betti tables for powers of ideals I¢ in the
sense that for all n > N, for some large N, that f3; j1n(I9) # 0 <= Bijr,n(I?) # 0.
In 2019, Mayes-Tang in [May19] built on Whieldon’s result to show that there is a sta-
bilization in the Boij-S6derberg decomposition for I¢ for large enough d when I was a
homogenous ideal where all of its generators were the same degree.

In this thesis, we attempt to extend these recent results by studying free resolutions of
homogeneous ideals of A, and its powers, that are not generated by a single degree. We
originally would have also wanted to study the possible stabilization patterns in the Boij-
Soderberg decompositions of /¢ after an A-splitting, which introduces finitely many more
variables raised to integral powers, but this was hindered by unforeseen circumstances.

Computations were performed by hand and by Macaulay?.



Chapter 1
Necessary Background

The central objects of study in linear algebra are vector spaces over fields. We can gen-
eralize this notion by introducing modules over rings. Indeed, as scalars in a vector space
come from a field, the scalars of a module come from a ring. Consequently, the reader
familiar with linear algebra will have had some experience working with modules, but as
fields provide more rigidity than rings in their respective structures, different nuances may
arise. For example, not all modules have a basis. This chapter treats the basics of modules,

which provide the necessary ideas and tools for this thesis.

1.1 Module Theory

Unless otherwise stated, all rings considered are assumed to be commutative rings with

identity. Let A be such a ring.

Definition 1.1.1. An A-module (), +) is an abelian group with an action of A4, i.e., a
map A x M — M, denoted (a, m) — am, such that for all m,n € M and a,b € A, the

following axioms are satisfied:
l. a(m+n)=am+an
2. (a+bym=am—+bm
3. (ab)m = a(bm)
4. 1,m =m.

Example 1.1.2. 1. If the ring A is a field, then the module M is a vector space over A.
2. Every ring is a module over itself.

3. If G is an abelian group, then G is a Z-module.
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Definition 1.1.3. Let M and N be A-modules. An A-module morphism (or A-linear map)
isamap f: M — N such that for all m,n € M and a € A, we have

f(m+n) = f(m)+ f(n)
flam) = af(m).

Again, if A is a field, then a module morphism is simply a linear transformation between

vector spaces over A.

The set of all A-module morphisms from M to N is denoted as Hom (M, N) (or
simply as Hom(M, N) if there is no ambiguity of the base ring). Note that this set carries

a natural A-module structure if we define addition and scalar multiplication by

(f +9)(m) = f(m) + g(m)
(af)(m) = af(m)

forallm € M.

Definition 1.1.4. An isomorphism of A-modules M and N is a bijective A-module mor-
phism f : M — N. If there is an isomorphism M — N, we say M and N are isomorphic
and write M = N.

Definition 1.1.5. A submodule N of M is a subgroup with respect to addition of M that is
closed under the action by A. Thatis, foralla € Aandn,n’ € N, we have thatn+n’ € N

and an € N as well.

Example 1.1.6. If we view the ring A to be a module over itself, all of the submodules of

A are precisely the ideals of A.

Example 1.1.7. If « € A and M is an A-module, then aM = {am :m € M} is a sub-
module of M. If [ is an ideal of A, then I M which the set of all finite linear combinations
of {am : a € I,m € M} is a submodule of M.

Let M be an A-module and let N be a submodule of M. Since M is an abelian group,
N is a normal subgroup and so it is possible to define the quotient group M/N. To give
this group an A-module structure, we wish to give the canonical projection

7: M — M/N

m—m -+ N
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the structure of an A-module morphism, i.e.
a(m+ N) = ar(m) = n(am) = am + N.

This leads us to the following definition:
Definition 1.1.8. Let M be an A-module and N be a submodule of M. The quotient
module M /N is the A-module

M/N={m+ N :me M}

with the A-action given by a(m + N) = am + N forall a € A.

Definition 1.1.9. If M and N are A-modules, then the direct sum of M and N is the
module
M®N ={(m,n): meMmneN}

with addition defined componentwise, and scalar multiplication defined a(m, n) = (am, an).

It is quite natural to extend this definition to families of modules. Moreover, similar
considerations hold for direct sum of finite set of modules but we must handle infinite sets

of modules with more caution.

Definition 1.1.10. Let { M}, be a family of A-modules. The direct product [ ], /; is the
A-module whose elements are tuples (m;);c; while the direct sum @Z M, is the A-module

consisting of all tuples (m;);c; such that all but finitely many m; are zero.
It is clear that the direct sum is a subset of the direct product.

Definition 1.1.11. Let f : M — N be an A-module morphism. The kernel of f is the set
ker(f)={meM: f(m)=0}.
The image of f is the set

We note that both the kernel and the image are submodules of M and NV, respectively. The
cokernel of f is the set

coker(f) = N/im(f)
and is a quotient module of N.

Theorem 1.1.12 (Isomorphism theorems for Modules). Let M be an A-module.



6 Chapter 1. Necessary Background

1. If f : M — N is a module morphism, then we have that M [ker(f) = im(f).

2. If M" C M' C M are modules, then

M/M/I

ar - MM

3. If N and N' are submodules of M, then N + N’ is a submodule of M as well and we

also have an isomorphism

N/(NNN') = (N+ N')/N'.
Proof. The proofs for modules and groups are very similar and are omitted here. See
[AM94], pages 18 and 19 for more details. [

Definition 1.1.13. A sequence of A-modules and of A-module morphisms

%szlgMz&Ml+l—>

is called a chain complex (or simply complex) if we have that f;,; o f; = 0 for all i. A
sequence is said to be exact at M; if im(f;) = ker(f;;1). A complex that is exact at each

M, is called an exact sequence. An exact sequence of the form
0O— M —M-—M —0

is called a short exact sequence.

Depending on context, it may be more convenient to write the complex in the reversed
order along with the arrows. That is, we will sometimes write the complex in Definition
1.1.13 as

LN VARNPELRY VAPE=IN  AIPU
We will freely reverse the complex without any comment.
Proposition 1.1.14. Let M, N be A-modules. Then
10— M% Nis exact if and only if ¢ is injective.

2. M % N = 0is exact if and only if ¢ is surjective.

3.0 M5 N = 0is exact if and only if ¢ is an isomorphism.
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4.0 M 5 MY M = 0is a short exact sequence if and only if ¢ is injective, 1)

is surjective, and 1 induces an isomorphism coker(¢p) = M".
Definition 1.1.15. Suppose we have a chain complex C'. of A-modules
Cotoooo s My 255 My L gy 22
Since the composition of two maps is zero, we have
0 Cim(f;41) C ker(f;) € M;, foralli.
The i homology module of C. is defined to be the quotient H;(C.) = ker(f;)/im(f;_1).
Definition 1.1.16. The annihilator of an A-module M is
Anny(M)={acA:am=0,Vm e M}.
The annihilator of a module is an ideal of the base ring.
Definition 1.1.17. The Krull dimension of a ring A is defined to be
dim(A) =sup{k :po Sp. C - - C pe_y S Pi, i — prime, for all 7}
Definition 1.1.18. The Krull dimension of an A-module )/ is defined to be
dim(M) = dim(A/Ann(M)).

Definition 1.1.19. Let A" = A® --- @ A. An A-module M is finitely generated if there
————

n—copies

exists a surjective A-module morphism A®™ — M. Equivalently, M is finitely generated

if there exist my, ..., m, such that for any m € M, we can represent m as a sum

m = a1mq + aosmeo + - -+ + a,my,

for some ay, ..., a, € A. If M is finitely generated by {m, ...m,}, and we also have that
aimy + - - - + a,m, = 0 implies a; = 0 for all 4, then we say that {m;, ..., m,} is a basis
of M.

If Ais aring, then A is a module over itself, and moreover, admits a basis consisting of

the unit element 1 4.
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Definition 1.1.20. Let / be some indexing set and for each ¢ € I, let A; = A, viewing each

A; as an A-module over itself. A free module is a module M that admits a basis, i.e., is of

i€l

the form

where a natural basis consists of elements e; of M whose ith component is the identity

element of A and all other components are zero.
Definition 1.1.21. The rank of a free A-module M is the cardinality of a basis of M.

Definition 1.1.22. An A-module is finitely presented if there exists m,n € Z* such that

there is an exact sequence
AP 5 AT s N ()

We call this right exact sequence a presentation of M.

Definition 1.1.23. A ring A is noetherian if every ideal of A is finitely generated. Simi-
larly, an A-module M is noetherian if every submodule of M is finitely generated.

Proposition 1.1.24. Let M be an A-module and let N be a submodule of M. Then M is
noetherian if and only if both N and M /N are noetherian.

Proof. Suppose M is noetherian and let NV be a submodule of M. Since a submodule of a
submodule is itself a submodule, by the noetherian property of M, any submodule of N is
finitely generated, giving us that NV is noetherian.

Let us now consider the quotient module M /N and let ¢ : M — M /N be the surjection
m — m + N. Let L be a submodule of M /N. Since the preimage of a submodule (under
a module morphism) is a submodule of the domain, i.e., gb*l(L) C M is a submodule, we
get that ¢~ (L) is finitely generated. However, since ¢ is surjective, the finite number of
generators of ¢~ (L) also generate all of the image of L under ¢, giving us that L is finitely
generated.

Conversely, suppose N and M /N are noetherian. Let L be a submodule of M and
¢ : M — M/N be the canonical surjection. Then it follows that L N N and im(L) are
finitely generated as submodules of N and M/N, respectively. Let {z;};_, C L be the
finite set that generates im(L) in M /N and let {y; };:1 be the finite set of generators for
LN N. Then for any m € L, we get that

k
m:ZaixH—N in M/N, where a; € A

=1
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and since the x; € L by assumption, we get that
k
m—Zaixi e NNL.

i=1

Since the {y;} generate N N L, it follows that

and so we get that

k r
m= awi+ ) by,
i=1 j=1
giving us that L is finitely generated by the {z;};_, and {v; };:1. O

Corollary 1.1.25. Let A be a noetherian ring. For any positive integer n € 7+, the free

module A®" is noetherian.

Proof. We prove this by induction. For n = 1, we are done. Now assuming the statement

holds for any n € N, consider the following short exact sequence
0 — AP" — A" 5 A4 0.

By the induction hypothesis, we have that A®™ is noetherian and by Proposition 1.1.24, it

follows that A®"*! is noetherian. O

Corollary 1.1.26. Let A be a noetherian ring and let M be finitely generated A-module.

Then M is a noetherian A-module.

Proof. Since M is finitely generated, we have the exact sequence A®" — M — 0. Thus,
M is a quotient module of A®", which we have shown is noetherian. Since the quotient
module of a noetherian module is itself noetherian, we conclude that M is a noetherian
A-module. O

Proposition 1.1.27. If A is a noetherian ring, then every finitely generated A-module is
finitely presented.

Proof. Let M be a finitely generated A-module. Then there exists an exact sequence

Aem Loy o
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for some m € Z*. Since A is finitely generated, we get that A®™ is a finitely generated

A-module and therefore ker( f) is finitely generated, giving rise to another exact sequence
A®" —s ker(f) — 0

for some n € Z*. Combining the two sequences gives us our desired result. 0

1.2 Tensor Product

Definition 1.2.1. Let M, N, L be A-modules. Amap f : M x N — L is A-bilinear if f
is A-linear in each variable, i.e., for all m,m’ € M,n,n’ € N, and a € A, the following

axioms are satisfied:
L fm+m',n) = f(m,n) + f(m',n)
2. f(am,n) = af(m,n)
3. f(m,n+n) = f(m.n) + f(m,n')
4. f(m,am) = af (m,n)

Even though M and N are A-modules, we note that M x N is simply a cartesian prod-
uct and does not necessarily have an A-action defined on it and therefore M x N is not

necessarily an A-module itself.

Example 1.2.2. Many operations in linear algebra are bilinear mappings. Let k be a field

and let V' be a k-vector space.

1. Suppose k = R. Consider (-,-) : V' x V' — R, the (real) inner product of a R-vector
space. It should be noted that the complex inner product is not bilinear, but rather

conjugate-linear in one of the variables.

2. Let Msyo(k) denote the space of 2 x 2 matrices over a field k. There are only 4
entries, but we can treat the matrix column-wise, giving us that My, (k) = k? x k?
is an isomorphism at the level of sets. Giving this a vector space structure via the

direct sum, we get
Mayo(k) 2 k2 x k> 2% k

gives us a bilinear map.
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Definition 1.2.3. Let M and N be A-modules. The tensor product of M and N over A is
an A-module M ®4 N, together with a bilinear map ® : M X N — M ®4 N satisfying
the following universal property:

For every A-module L and every bilinear map f : M x N — L, there exists a unique

A-module morphism ¢ : M ®4 N — L making the following diagram commute:

MxNL;L

o|

M &y N

The tensor product does exist in the category of A-modules and is unique up to unique
isomorphism. It is typically denoted as M ®4 N. For proof of existence and uniqueness,
see [AM94] pages 24 and 25. We drop the subscript A if the base ring is clear.

Proposition 1.2.4. Let A be aring, and M, N, L be A-modules and let { M}, be a family
of A-modules. Then we have the following:

(@) M @4 N=N®yM.

(b) M @4 A= M.

(c) (L&A M)®aN=L®Rs(M®4N).
(d) (D,e; Mi) @4 N =@, (M; @4 N).

(e) For all A-module morphisms f : M — N, there is an A-module morphism f ®idy, :
M®L— N®Lgivenbym®{— f(m)® L.

Proof. See [AM94] page 26 for details. 0

Proposition 1.2.5 (Right-exactness of Tensors). Consider an exact sequence of A-modules
N'L NS N 0.
Then for any A-module M, the sequence
N' @4 M L2 N @, M 28 N7 @, M— 0

is also exact.

Proof. See [AM94] pages 28 and 29 for details. [
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Example 1.2.6. It is natural to ask if tensors are left exact as well. However, this fails
generally at the level of rings, and therefore at the level of modules as well, particularly
using Property (b) in Proposition 1.2.4. To see why, let n be a positive integer and consider
the left exact sequence

0—Z—5Z.

Tensoring this sequence with Z/nZ over the base ring Z, we get
Z/n7 =" 7./nZ

which sends every element to zero, i.e., -n is the zero map and so left exactness is not

necessarily preserved.

1.3 Free Resolutions and Flatness

Definition 1.3.1. A free resolution of an A-module M is an exact sequence

SR AN AN N NNELENY  REECING ) N

where each Fj is a free over A. If there exists a number ¢ € N such that F;, # 0 and
F; = 0 for all 7 > ¢, then we say that the free resolution is finite with length ¢. If M has
a finite free resolution, the minimal length among all finite free resolutions of M is called
projective dimension of )/ and is denoted pd()). If there is no free resolution of finite
length, then pd(M) = oc.

By convention, in a free resolution, F; = 0 for all 7 < 0.

As we saw, the tensor product generally fails to be left exact. We can measure how
badly the tensor fails exactness using free resolutions and homology modules:

Let

fit1 F fi

F.: «oo— Fiy Fry—s -

be a free resolution of an A-module N. Then for any A-module M, we can consider the

following induced chain complex

idy® fi i i
1]\I®f+1 M®A E 1d1v1®f M®A Efl — e

Mg F.: oo —> M®y Fiy
Definition 1.3.2. The Tor-modules Tor' (M, N) are defined to be

Tor (M, N) = ker(idy; @ f;)/(im(idpys @ fir1)) = Hi(M @4 F.).
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Thus, from this definition, we have that if i < 0, then Tor:'(A/, N) = 0 and moreover,
if i = 0, then Torj (M, N) = M ®4 N.

Definition 1.3.3. Let A be a ring and let M be an A-module. Let C' be the sequence of

A-modules and morphisms
c: -«-—N  —-N-—N"—...
Consider the sequence
coeM: --+—NM-—-NIM-—N'QM—---

We say that M is flat over A if for every exact sequence C. the sequence C. ® M is again
exact. We say that M is faithfully flat if every sequence C' is exact if and only if C' @ M

18 exact.

Definition 1.3.4. If f : A — B is a ring morphism, and B is flat as an A-module, we say
f is a flat morphism or B is a flat A-algebra.

Since flat A-modules preserve exactness of tensors, and Tor measures the failure of the

tensor product to be exact, we have the following proposition:

Proposition 1.3.5. An A-module M is flat if and only if Tor (M, N) = 0 for every A-
module N for all i # 0.






Chapter 2
Syzygies

One method of better understanding an algebraic object is to decompose the object into
smaller components. One way of decomposing objects is to introduce a grading. In this
chapter, we take modules, module morphisms, and free resolutions from Chapter 1 and
introduce their graded counterparts. In Section 2.2, we will also introduce new invariants
called the Betti numbers, the graded Betti numbers, and the Castelnuovo-Mumford regu-

larity, which will provide us more information about our modules and ideals.

2.1 Graded Rings and Modules

Definition 2.1.1. Let (G, +) be an abelian monoid. A ring A is G-graded if it can be
written in the form
4=Da,

geG

where the A, are abelian groups satisfying the multiplication property A, - Ay, C Ay, for
all g, h € G. Similarly, an A-module M is a G-graded A-module if )/ has a decomposi-

M =P M,

geG

tion

where the 1/, are abelian groups satisfying the property A,M;, C M, forall g,h € G.
Anideal I C A is a graded ideal (or homogeneous) if I = € I'NnAgie., Iis

graded as an A-module.

geG

Example 2.1.2. Let A = R|xq, ..., x| for some ring R. Denoting A,, to be the R-module

generated by homogenous polynomials of degree n, i.e.,

A, = {p(zo, ..., x,) : degree of individual terms of p(zo, ... xz,) =n} U {0},
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allows us to write

A:@An

n>0
giving us that A is N-graded. If we allow A; = 0 for all = < 0, then we have that A is
Z-graded as well.

Example 2.1.3. Let k be a field and consider the polynomial ring k[z, y]. Under the stan-
dard grading introduced in Example 2.1.2, the ideal (2 + y) is not homogenous, but the

ideal (2% + 2, 3®) is homogenous.

Definition 2.1.4. Let M = © M, be a graded A-module and let d € G be fixed. Define

M(d) = €D M(d),
geG
with M(d), := M., Then M(d) is a graded A-module and is called the d" twist (or
shift) of M.

Definition 2.1.5. Let M, N be graded A-modules and consider a morphism f : M — N.
We say f is graded or homogeneous of degree d if f(M,) C Ny, for all n € G.
We say M and N are isomorphic as graded A-modules if there exists a homogeneous

isomorphism between M and V.

Remark. If f : M — N is a morphism of degree d, then f : M(—d) — N is a morphism
of degree 0.

Definition 2.1.6. A Z-graded A-module M is said to be free if there is an isomorphism of
graded A-modules

gzﬁ:@A(ni) =M, n; €Z.

2.2 Studying Syzygies

Lemma 2.2.1 (Nakayama). Let A be a N-graded noetherian ring and let m denote the
homogenous maximal ideal of A, which is generated by forms of positive degree. Let M
be finitely generated graded A-module and let my, ..., m, € M generate M /mM. Then

ma, ..., m, generate M.
Proof. For a discussion of the proof, see [AM94], pages 21 and 22. [l

An example will be given after the few first definitions.
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Definition 2.2.2. Let A be a noetherian ring and M be a graded A-module. A graded free

resolution of 1/ is a complex of free A-modules

SN LI < A N AMRELENY AN (I )/ N

where each f; is a degree 0 morphism and each F; is free and of the form F; = A(—d;) @
A(—dy) & - - - & A(—d,) where A(—d) denotes the degree d twisted component of A4, i.e.,
(A(d)): = Agys. If there exists a number ¢ € N such that F;, # 0 and F; = 0 forall ¢ > ¢,
then we say that the graded free resolution is finite with length /.

While constructing a graded free resolution of M is straightforward, we must be con-
cerned whether finite graded free resolutions of M exists. The proof of existence was

addressed and given by Hilbert for the case of polynomial rings over fields:

Theorem 2.2.3 (Hilbert’s Syzygy Theorem). Let k be a field and let M be an A-module
where A is the polynomial ring A = Kk[x1, ..., x,]. If M is finitely generated, then M has

a finite graded resolution of length at most n, the number of variables in A.
Proof. See [Eis05], Section 2B on pages 20 and 21. [

Example 2.2.4. Let A = k[z,y] and let [ = (2% xy,y®). Letting M be the quotient ring

A/ and viewing M as an A-module, the minimal resolution of M is given by

Y 0
—x y2
{x2 Ty y?’} 0 —X

0+ M=+ A A(=2)2 @ A(-3) ¢ A(=3) @ A(—4) + 0.

We note that the length of this resolution is 2.

Definition 2.2.5. A graded free resolution

f2 fi fo

'-'—>ng>Fg_1—>"' F1 FO M —0

is said to be minimal if for each i, we have that im(f;) C mF;_; where m denotes the

homogenous maximal ideal of the base ring of M.

Remark. Despite the discussion so far, it is not yet clear whether minimal graded free
resolutions exist for a given module, even for the case of a finitely generated A-module M

where A = k|x1,...,z,] as the free resolution given by Hilbert’s Syzygy Theorem is not
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necessarily minimal. Thus, we trim a given free resolution until it becomes minimal, justi-
fied by Theorem 2.2.6, and this can be done by selecting a minimal system of generators.
To see why we can pick a minimal system of generators, let M/ be a module over some

ring A and let

f2 fi fo

---—>Fgﬂ—>Fg_1—>--- M —0

> Iy Fy

be a graded free resolution of M. We can consider the right exact sequence
F L5 Foy —im(fiiy) — 0
and the induced right exact sequence
EF/mF, 25 F_y /mFi_y = im(fi_1)/m(im(fi_1)).

The former right exact sequence is minimal if and only if f;(F;) C mF;_;, which is equiv-
alent to saying the map g; in the induced sequence is the zero map and by exactness, this
is true if and only if ¢ is an isomorphism, i.e., F;_1/mF;_; = im(f;_1)/m(im(f;_1)). By
Nakayama’s Lemma, the generators of F;_;/mF;_; are also generators of F;_; and so ¢
is an isomorphism if and only if F; ; maps to a minimal set of generators of im(f;_1).
Thus, without any loss of generality, we can assume all free resolutions are minimal unless

otherwise stated.

Noting that the construction of a minimal free resolution is artificial and dependent
on choices, we surprisingly get that all minimal free resolutions of a given module are

isomorphic to each other.

Theorem 2.2.6. Let M be a finitely generated A-module. If F and G are minimal graded
free resolutions of M, then there is a graded isomorphism of complexes F — G inducing
the identity map on M. Moreover, any free resolution of M contains the minimal free

resolution as a direct sum.
Proof. See Theorem 20.2 on page 491 in [Eis95]. [l

Example 2.2.7. Let A = k[z,y] and I = (z*, 2%y, %) be an ideal of A. Let M be the

quotient ring A/I viewed as an A-module. A graded free resolution of M is given by

0 M+ A< A(4) ® A(-3) ® A(2) = A(-5) ® A(-6) ® A(-4) & A(—6)® 0
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where
0 -z* -x2 Y Y Y
X = [:z:4 x2y yQ} , Y=122 0 y|,Z2=|-1 -1 -1
y 2 0 22 22 22

We note that this graded free resolution is not minimal, as the third mapping has elements
not in the maximal ideal. Moreover, in the second mapping, we have a linear combination

between the columns:

—xt 0 —x?
0| =y|—2?|+ 22 Y
y? y 0

Thus to obtain the minimal graded free resolution, we trim the given resolution and obtain

that the minimal resolution is given by

0 -z
_1’2 y
at aty yﬂ y 0

0+ M+ A<

A(—2)DA(-3)BA(—4) «— A(—4)BA(-5) < 0.
Definition 2.2.8. Consider a minimal free resolution of M over A:
~--—>F5L>Fg,1—>---—>F1f—1>Fof—°>M—>0.

The i" syzygy module of M is Q*(M) = im(f;;1) = ker(f;). The rank of the i*" syzygy
module is called the i** Betti number and is denoted as 3;. Writing F; = @ A(—j), then

a graded minimal free resolution of M is of the form
= PAH s P AN = P A=) - M 0.
J J J

The exponents f; ; of the shifted modules A(—j) are called the graded Betti numbers of
M over A.

Example 2.2.9. Consider the previous example of minimal graded free resolution of M

where M = k[z, y]/(z*, 2%y, y?) given by

0 M+ A+ A(-2) D A(-3)® A(—4) + A(—4) @ A(-5H) « 0.
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The Oth Betti number is 1, the 1st Betti number is 3, and the 2nd Betti number is 2. The
graded Betti numbers are Sy = 15512 = 15613 = 1,814 = 1; 804 = 1; B25 = 1.

To keep track of all of the graded Betti numbers, it is convenient to display these in a
table. While it is ideal to place §3; ; in the 7th column and jth row, we note that all 3;; = 0
for j < 1. Letting r denote the largest 7 in the minimal graded free resolution, we introduce
the Betti diagram of M to be

-600 511 522 e /Bnn ]
_/807’ /81,14-7’ oot 671,71-‘,—7’_

and so the Betti number f3; ; is placed in the i*" column and (j — i)™ row. So the Betti
diagram of Example 2.2.9 would be:

w NN = O

o O O = O
—_ = = O
—_ = O O N

The ' Betti number can be retrieved by summing all entries in the i*" column. Using these

Betti tables, we can identify the projective dimension of M since if

N R L N BN AN S NEECING /SN

is a finite minimal free graded resolution of M, then the definition of projective dimension

in Definition 1.3.1 gives us
pd(M) =sup{i: F; # 0} =sup {i : ;;(M) # 0 for some j} .

Definition 2.2.10. The Castelnuovo-Mumford regularity (or simply regularity) of a
module is defined to be

reg (M) =sup {j —i: B;;(M) # 0}

Thus, we can read the regularity of a module by looking at the index of the final nonzero
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row of its graded Betti table.

Soif M is the module in Example 2.2.9, we calculate that pd(M/) = 2 andreg , (M) = 3.
Although our concern about the choices made in the construction of a minimal graded
free resolution has been addressed in Theorem 2.2.6, we include a verification that the

graded Betti numbers are independent of these choices.

Proposition 2.2.11. If F. is the minimal free resolution of a finitely generated A-module M,
and if k is the residue field A/m, then any minimal set of homogenous generators of F; con-
tains exactly dimy (Tor (k, M) ;) generators of degree j. That is, 3;; = dimy, Tor(k, M);.

Proof. Let F. : --- — F5 ¢—2> F & F, be a minimal free resolution of M. From this, it
follows that the complex k ® 4 F. is

k@F oo 2kQuF,— - — kR Fi — k®s Iy — ko4 M — 0.

However, since each F; is a free module, it is isomorphic to b; copies of A and since
k ®4 A =k, we get that the complex k ® F. is isomorphic to

..._>k@bi_>..._>k®b1—>k®b0—>k®AM—>0.

However, by the minimality of F., we get that all of the differentials of k ® F. are zero
maps and so we compute that Tor;(k, M) = k ® F;. Thus, dimy(Tor;(k, M);) = b;; but by

Nakayama’s lemma, we conclude that 3;; = b;;. [






Chapter 3
Rees Algebras and Regularity

The projective dimension, defined in Definition 1.3.1, and the Castelnuovo-Mumford reg-
ularity, introduced in Definition 2.2.10, are important tools in modern algebraic geometry
and commutative algebra, used to measure the complexity of a given module M. One
difference is that regularity also takes into account the degrees of the generators of M.
Computing the projective dimension and regularity can be quite difficult, requiring the
computation of syzygies and Grobner bases.

We restrict our focus to homogeneous ideals. Given a homogenous ideal [ in a polyno-
mial ring A = k[zy,...,x,], our main goal for this chapter is to study the complexity of
integral powers of I. To do this, we first define the Rees algebra of I, an algebraic object
that captures higher powers of the ideal, in Section 3.1. Studying the Rees algebra and tak-
ing its minimal free resolution then gives us information about the regularity and projective
dimension of I for any d € N. In Section 3.2, we go through a detailed example on how to
extract regularity and projective dimension from the Rees algebra of an ideal and in Section

3.3., we provide a bound on the regularity of % using the Rees algebra.

3.1 Rees Algebras

Definition 3.1.1. Let / be an ideal in A. Let Z = {I"} be the [-adic filtration of A. The
Rees algebra R (Z) is defined to be

RI)=Prt=Acnto - aI™"o-- = A[lt] C Alt],
neN

where ¢ is an indeterminate over A. Intuitively, the Rees algebra is an algebraic object

which captures all non-negative powers of an ideal [.
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Specializing to the case that A = k|xy,...,z,], the Rees algebra of a homogenous
ideal I = (fo,..., fx) carries a natural bigraded structure. To see the bigrading, let
B =Kk[x1,..., 2y, wy, ... wg] = Alwy, ..., wg] be another polynomial ring. Define a ring

morphism

B — A[t] = k[xy, ..., zp, t]
Ti—> X,

W; —— f]t

and so we get that deg(z;) = (1,0) and deg(w;) = (deg(f), 1).

Example 3.1.2. Let I = (2%, 2%y, y?) be an ideal of R = k|[x, y]. Denoting the Rees algebra
of I to be R[It], we get that R[] is the quotient of the bigraded ring S = R[u, v, w| where

the degrees of the variables of S are given by

deg(z) = deg(y) = (1,0);
deg(u) = (4,1); deg(v) = (3,1); deg(w) = (2,1).

From this, we can explicitly compute the Rees algebra of [ to be

R[It] = R[u,v,w]/(v* — uw, ¥*v — yu, yv — x°w).

3.2 Resolutions of a Rees Algebras

Before diving into the general case, we first work out an example where we take free
resolutions of the Rees algebra of an ideal [ to obtain the minimal free resolution of I¢ for
large enough d. From this, we can easily read the regularity of I as well.

Taking Example 3.1.2 to be the set up, we compute a bigraded minimal free resolution

of R[It] over S, which gives us
O<—R[]t]<—S<iF1+—B—F2<—O

where F}; = S(-6,-2) @ S(-5,-1) ® S(-4,-1), F5 = S(-8,-2) & S(-7,-2) and the mappings
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A and B are given by

2

T Y
A:[UQ—UUJ 2?0 —yu yv—2*w| and B=|—v —w
—u  —v

Picking any power d in the second degree allows us to read off free resolutions (possibly
non-minimal) of /¢. For example, if we pick the (*,2)-strand from this resolution, we

obtain the free resolution
0« R[It](*g) <— S(*’Q) < FL(*’Q) < FQ’(*72) — 0.

Since we are restricting to the (x, 2) degree in the bigrading, we follow the definition to

compute that R[] t](*g) = [?t2. Moreover, we can compute that
Sa2) = Ru?> @ Ruv @ Ruw ® Rv? & Ruw & Rw?.

Introducing the variables u/, v’, w’ to be placeholders for the u, v, w respectively, but with

the change in degrees such that
deg(u') = deg(1/) = deg(u’) = (0, 1),
we can reintroduce the twists to compute that
Stez) = R(—=8)u” & R(—7)u'v' & R(—6)u'v’ & R(—6)v” & R(—5)v'w’ & R(—4)w™.

Similarly, since F} (. 2) = S(—6, =2)2) @ S(=5, —=1) (5,2 ® S(—4, —1)(x2) and I, 0y =
S(=8,=2)(x,2) ® S(—7,—2)(x,2), compute for each component,

S(=6,=2)(v2) = S(e—60) = R(—6)

S(=5,=1)(x2) = Sx51) = R(=5)u ® R(=5)v ® R(=H)w
= R(—9)u' & R(—8)v' & R(—7)w'

S(—4,—1)(s2) = Ss—41) = R(—4)u @ R(—4)v & R(—4)w
= R(—8)u' ® R(=7)v" & R(—6)w’

5(=8,=2)(x2) = Sz-50) = R(=8)

S(=7,=2) 2 = Si-10 = R(=7)
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to give us that

Fi o) = S(—=6,=2)(2) @ S(=5,=1)(x,2) ® (=4, —1)(s2)

= R(—6)® R(—9)u' & R(—8)v' ® R(—T)w' & R(—8)u' & R(—7)v' & R(—6)w’
F vy = S(—=8,=2)(x,2) ® S (=7, =2) (x,2)

= R(—8) & R(—7).

It may be tempting to conclude that the Betti table might look something like

0 1 O Ol
—_ =N = = O
=N NN O
O O = = O N

but we note that this cannot be an actual Betti table for any module or ideal, since our
resolution is non-minimal. If in the case that our resolution was said to be minimal with
this given table, then our resolution fails exactness. We also see that reg(7?%) < 8.

Analyzing the degree 0 graded morphism

vi—uw v —yu yv— x2w}
S(x2) ¢ F1 (42)
we get
R(—6) R(-9)u’ R(-8)v R(-T)w' R(=8)u R(=7)v R(—6)u'
R(—8)2 [ 0 —y 0 0 0 0
R(=T)u'v 0 x? —y 0 Yy 0
R(—6)v/w' | —1 0 0 —y —x? 0
R(—6)v" 0 x? 0 Y 0
R(=5)v'w’ 0 0 x? 0 —z? Yy
R(—4)w" 0 0 0 0 —x?

We will call matrix above G, as it is a ginormous matrix.
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Similarly, if we analyze the map

z Y
—v —w
—u =0

we compute that

R(—8) R(-T7)

R(—6) [ a? y o
R(—9)% | 0 0
R(—8) | —1 0
R(—T)u' 0 -1
R(—8)u' | —1 0
R(=T) -1

R(—6)w" | 0 |

Call this second matrix H.

We begin trimming our free resolution by taking GG and begin using row and column

operations on GG. Denoting the columns of G as (71, . .

.,C7and therows of G as Ry, ... Rg,

perform the following operations:

AN

Rs — Rs + Ry; this is the new 3rd row;
Cs — C4 + Cg; this is the new 4th column;
Cs3 — C3+ Cs;

Cs = O — 22Cy;

Cs — Cs —yCh;

Swap Ry < R;.

Recording these row and column operations as elementary matrices, respectively, gives

us

- - 10 —22 00 —y O

000100
01 0 00 0 O

01 0O0O0O0
001100 00 1 00 0 O
Eq = and Cc=10 0 0 1 0 1 O

100 00O
00 1 01 0 O

000O0T10Q0
00 0 OO0 1 O

00 0O0O01
00 0O 00 0 1
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such that
R(—=6) R(-9) R(-8) R(=7) R(-8) R(=7) R(-6)
R(—-6) [ 1 0 0 0 0 0 0 7
R(-7) 0 x? 0 0 Yy 0 0
EoGCy = R(—6) 0 0 0 —y —x? 0 0
R(—8) 0 —y 0 0 0 0
R(-5) 0 0 x? 0 y
R(-4) L O 0 0 0 —22 |

We note that this concretely informs us that our resolution of /2 is non-minimal as there
are entries that are not in the maximal ideal. Moreover, as we have composed G with Eg
and precomposed it with C';, we have that EGCy : CélFl,(*,Q) — EgS(«2) and in order
to preserve exactness, we must change our bases accordingly. Diagrammatically, we have
that

0 —— Fy s — Fi (x2) — < 5 Sx2) s I? > ()
Céll Ec
Co'H 4 EaGC, )
0 —— F2,(*,2) —_— CG F17(*72) Ehehd EGS(*72) > I > 0

This reduction does reveal that under a certain choice of bases, the degree 0 morphism
G is of the form

R(—6) @ (R(-9) ® R(-8)* ® R(~7)” ® R(—6)) — R(—6) ® | @ R(—))

(v, w) — (v, Gw)

where w € R(—9) ® R(—8)2 @ R(—7)2 @ R(—6) and v € R(—6) and G is the lower right
block matrix in the matrix EGC.
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We will also begin the same procedure fo /. Recall that

R(-8) R(-7)

x? Y ]
0 0
-1 0
0 —1
-1 0
—1

O .

and to preserve exactness under the change of basis, we compose H with C;'; computing

this change gives us

S O O O O o =

S O O O O = O

8

o = O

o O O = O O O

o O = O O O O

o O w

[ =)

of |22 v 0
0 0 0 0 0
o |-1 0 -1 0
0 0O —-1|=1({0 0
ol |-1 0 0 0
0 -1 0 -1
1 0 0 O

Given this, we can begin performing more elementary operations on H and recording these

into another elementary matrices gives us

o O O O = O O

o = O O O o o

-1

o O O O O O

O O O = O O O

S O = O O O O

o O O o O

and Cgz = 1.

_— O O O O O O
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Using these matrices, we compute that

R(—8) R(-7)

R-8) [ 1 0 |
R(=7) | © 1
 R(-6)| 0 0
EgH= Rp—7) | 0 0
R(—8) | 0 0
R(=9) | 0 0

R(—6) | 0 0

Again we remark that this morphism is also non-minimal and that

EﬁH : ng(*g) — EECEIFL(*Q).

Using the following commutative diagram to keep track of all the changes,

0 ——— Fouo 7 Fi(2) ¢ S(x2) y I? » 0
id oGt Eg

0o —— F2:(’*,2) Cé—lH> 051]\7’1,(*,2) FetCo EG:g’(*Q) > 12 s 0
C}iIl:id Eg W

0 — Fg,\(’*,z) ﬂ E;,C(;YFL(*,Z) %1 EGS’(*@ > I? > 0

we get that under this change of basis that the morphism E5C 'H acts as the identity map
on a copy of R(—8) @ R(—7) — R(—8) & R(—7). Thus, we have that

(id,id,0)
—_—

R(—-8) ® R(-7) @0 R(—8)® R(-7)® R°

where R° = R(—6)*>® R(—7) ® R(—8) ® R(-9).
Thus, we get that under a specific choice of bases, we get that the graded free resolution
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of I?is
D D
0« I? « @, R(—j) +— D¢ R(—i) 0 < 0
) D

R(—7)® R(—8) +— R(—T7) ® R(-8).

id

We can now obtain minimality by trimming the resolution of spaces which get mapped
onto itself by the identity map and we get that the minimal graded free resolution of I? is
now given by
8
0+— I* +— @R(—j) e @R(—z’) +— 0,
j=4 i=6

and therefore the graded Betti table for 2 is given by

0 J O Ot i~
e i e e =)
e i e = T

From this, we conclude that reg(7?) = 8 and pd(/?) = 2.

3.3 A Bound on Regularity via Rees Algebras

Using the notation in Section 3.1, we are now ready to provide a bound on the regularity of
I¢. Whieldon [Whil4] proved the same result in the case that the generators of I are all of

the same degree.

Theorem 3.3.1. Let A = k[xy,...,2,), d € ZT and I = (fo, ..., fr) be a homogenous
ideal in A. Let B = Alwy, ..., wy] with a Z*-bigrading of B given by bideg(z;) = (1,0)
and bideg(w;) = (deg(f;), 1), i.e, B = €P;,, B(—j,—m). We have an upper bound on
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the regularity of 1¢ given by

k k
reg([d) < max  j + Zaideg(fi) — 0 Brjm # 072% =d—m
=0 i=0

0<t<k

Proof. Denoting A[It] to be the Rees algebra of I, and viewing it as a B-module, by
Hilbert’s Syzygy theorem, we get a bigraded free resolution, which we can take to be

minimal, given by

0+ A[It] <2 EBB m)Poim ¢ @B m)Prim 0.

Restricting to the (%, d) degree in the bigrading, we obtain a graded free resolution of A-

modules, since a homogenous strand of an exact complex is itself exact,
. Bo,j,m B m
0 < A[lt](sa e@B(_%_ )(OJ <—@B (fé) « 0.
7m

However, we note that this graded free resolution of A-modules is not necessarily minimal.
At each free module, using the bigraded structure of the Rees algebra, we can compute
that
B(=j,—=m)a) = @ A(=j)wgwit - - - wy*

a€Pyy1(d—m)

where a = (ag,...,a;) € N*1 and P, (N) denotes all possible partitions of N € N
into k& + 1 non-negative integers. Since each wj carries a bideg(w;) = (deg(f;), 1), we can
introduce placeholder variables v; such that bideg(v;) = (0,1). From this, it follows that
each

k
A(=j)ugru - wir = A(=j = > a;deg(f))ug -+ vt

Since the v; are simply placeholders, our (possibly non-minimal) free resolution of I¢ is

given by

k

01« P A aideg(fi)osm -

j,m aGPk+1(d—m) 1=0

a=(aog,...,ax)
k
@B P A aideg(fi)Him 0.
1=0

M a€ Py (d—m)
a=(ao,...,ak)
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Thus, we have an upper bound on reg(1?) given by

k k
reg(]d) < max { J + Zaideg(fi) — 0 Brjm # 072% —d—m
=0

T 0tk -
=0
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